In this work , we compute the effective cone of the space of n pointed genus 0 rational curves, M 0,n for odd n. We will , in fact, use the equivalence of M 0,n and the space of (semi) stable configurations of n weighted points on CP 1 with special weight (1, . . . , 1) up to symmetric group action.
Introduction
Space of stable n pointed, genus 0 rational curves plays a prominent role in enumerative geometry via quantum cohomology. This space has also very interesting and highly non-trivial geometric structure which attracted the attention of many mathematicians. Main purpose of this paper is to compute the effective cone, namely the cone generated by the effective divisors of smooth projective variety M 0,n . Fulton conjecture states that the cone of effective curves of this space is generated by one dimensional boundary strata. This is proved for the case n ≤ 7 ( [1] ). On the other hand Vermeire( [2] ) proved that this does not hold for the cone of the effective divisors. Nevertheless, complete descriptions for cases n ≤ 6 ([1]) and n ≤ 7 ([3]) were obtained. We will give a description of the effective cone of M 0,n for odd n using the equivalence to C n (1, . . . , 1) modulo symmetric group action. Here C n (m), m ∈ R n > is the space of stable weighted configurations of n points on complex projective line. Space of weighted point configurations were studied in ( [7, 8, 9] ) in great detail. Most of the technical tools such as wall crossing arguments and properties of these spaces were given in these papers. Our strategy is to describe the effective cycles in general and compute the effective cone of M 0,n as a part of the general description for effective cycles. We will always assume that n is an odd integer.
Preliminaries
We will give some basics of weighted stable point configurations. We start with the following definition; Definition: A n-point configuration Σ is a collection of n-points p 1 , . . . , p n ∈ P 1 . Assume there is a given positive weight m i for each point. The configuration of weighted points is called semi-stable (resp. stable) if sum of the weights of equal points does not exceed(resp. less than) half the weight of all points. Now we will consider the weight vector m = (m 1 , . . . , m n ) ∈ Q n . Using HilbertMumford stability criterion( [10] ), we can say that there exist a non-singular geometric factor of stable configurations with respect to a natural action of P SL 2 (C). It will be denoted by C n (m) where m = (m 1 , . . . , m n ) is the vector of weights. By definition, C n (m) is non-empty iff the weights satisfy the following polygon inequality
In a similar way, there exist a categorical factor of space of semi-stable configurations denoted by C n (m). Under condition (*), the variety C n (m) is a projective compactification of C n (m) by a finite number of points. Its ample sheaf O(1) and the corresponding line bundle L may be described as follows. Let T (p i ) be a tangent space at the point
If all semi-stable configurations of weight m are stable then C n (m)=C n (m) is a non-singular projective variety of dimension n − 3. Example :Let all weights m i = 1 i.e, m = (1, . . . , 1). Then C n (m) = C n (m) is a non-singular projective variety for odd n. In this case all sums m 1 ±m 2 ±· · ·±m n are non-zero. Example :Let Σ = (p 1 , . . . , p n ) be a configuration of n-points in P 1 having one massive point, say
Then we can interchange the coordinates in P 1 such that p 1 = ∞, p 2 = 0 and p i = z i , z i ∈ C; z i are defined uniquely up to multiplication by scalar multiplication z → λz which preserves ∞, 0. Then moduli of the configuration is eqivalent to {(z 3 : . . . : z n )|z i ∈ C, i = 3, . . . , n; not all zero} = P n−3
Example :Let Σ = (p 1 , . . . , p n ) be a configuration with three massive points
Then p i = p j , p j = p k and p i = p k . By a suitable coordinate change we may take p i = 0, p j = 1, p k = ∞ and hence the moduli of configuration is equivalent to α =i,j,k
Definition: For n ≥ 3 we define a stable n pointed rational curve as a tree of P 1 's with n distinct smooth marked points such that each complex projective line contains at least three special points. By special points we mean either a marked point or a node at which two projective lines intersect. A family of stable n pointed curves is a flat and proper map equipped with n disjoint sections, such that every geometric fiber is a stable map. We have the following Theorem : ([4]) For each n ≥ 3, there is a smooth projective variety M 0,n that is a fine moduli space for stable n pointed rational curves.
For more information on M 0,n one can consult( [4, 5] ).Now, we will study the effective cone of M 0,n via C n (m).
Effective cone of C n (m)
We will explore the effective divisors in C n (m). We would like to characterize all effective cycles in C n (m) using degenerate configurations D IJKL··· . Here is the main theorem of this paper;
Theorem :Any effective cycle in C n (m) is equivalent to positive combinations of degenerate configurations D IJKL··· . Proof: Theorem holds for special values for m i 's. For example, for one massive point or three massive points. In these cases C n (m) ≃ P n−3 and C n (m) ≃ (P 1 ) n−3 respectively. It is possible to pass from one moduli space to another by a sequence of wall crossing C n (m) −→ C n ( m) such that only one inequality m I < 
and C n (m)/P l−2 is birationally equivalent to C n ( m)/P k−2 . Algebraic cycles in C n ( m) are those in C n (m) and cycle in P l−2 are generated by degenerate configurations by the argument at the beginning of this proof.
Corollary : The effective cone of M 0,n is generated by D ij , 1 ≤, i < j ≤ n. Proof : We use the identification of M 0,n by C n (1, 1, . . . , 1) . Note that the set S = {D ij |1 ≤ i < j ≤ n} is invariant under S n action since all the weigths are 1. Therefore symmetric group action preserves the generators of the cone.
Consider the natural vector bundles L i , 1 ≤ i ≤ n, over C n (m). A fiber of L i at a point = (p 1 , . . . , p n ) will be the cotangent space at p i ∈ P 1 . Set
where s is a rational section of L i .
Lemma : With the previous notations
Then
Proposition : We also have the following relation for D ij and l i ;
Examples
We are going to give some examples of generating sets of the effective cones of M 0,n for odd n. (1, 1, 1, 1, 1, 1, 1) . Then we will have 20 generators D ij , 1 ≤ i < j ≤ 7.
Proposition : The number of generators of the effective cone of M 0,n for odd n is n(n − 1) 2 Proof : A simple counting argument for D ij , 1 ≤ 1 < j ≤ n gives the identity.
